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The heavy-light mesons are studied within the framework of Dyson-Schwinger equations of QCD.
Inspired by the axial-vector Ward-Takahashi identity resulting from the chiral symmetry, we propose
a truncation scheme beyond the ladder approximation without introducing any additional parame-
ter. For the pseudoscalar and vector heavy-light mesons, the obtained mass spectrum has the level
of relative errors at 5% compared with experimental data and lattice-QCD results. For the leptonic
decay constants, our results are comparable with those from experiments and/or lattice QCD. For
some channels, the discrepancies are sizable but significantly smaller than those using the equal
spacing rule. The truncation scheme proposed in this work is simple and could be improved and
applied to study other open flavor hadrons including both mesons and baryons.
I. INTRODUCTION
In recent decades, many heavy-light mesons are ob-
served in experiments [1], which has attracted a lot of
interest. The study of heavy-light mesons provides a
way to understand dynamical chiral symmetry broken
(DCSB) [2–4]–one of the most fascinating features of the
quantum-chromo dynamics (QCD). Nevertheless it is still
very challenging. The heavy-light mesons are two-body
bound states of heavy and light (anti-)quarks, e.g., cd¯,
cu¯, cs¯, etc, which are highly flavor unsymmetric. Thus,
the successful descriptions require a systematic and self-
consistent understanding of strong interaction in both ul-
traviolet and infrared regions. Herein, non-perturbative
approach of QCD is the key for solving the problem.
Several non-perturbative approaches of QCD have
been developed, such as the lattice QCD (lQCD) [5–8],
the Dyson-Schwinger equations (DSEs) [9–15], the func-
tional renormalization group (FRG) [16–18], and so on.
In this work, the QCD’s DSE approach is implemented.
Within the DSE framework, mesons are described by the
two-body Bethe-Salpeter equation (BSE) [11, 19–23]. As
input, the quark propagator must be solved by the one-
body gap equation. The key point is that the one-body
and the two-body equations must be constructed in a
self-consistent way to preserve QCD’s symmetries. For
instance, the chiral symmetry is crucial to realize pion’s
twofold role as quark-antiquark bound state and Nambu-
Goldstone boson [21, 22, 24].
The simplest symmetry-preserving scheme is the so
called rainbow-ladder (RL) truncation [9, 25–29], which
approximates the dressed quark-gluon vertex as the bare
one and the quark-antiquark scattering kernel as the one-
gluon exchange form. Since the bare vertex is flavor-blind
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and the one-gluon exchange lacks of spin-orbit repulsion,
the RL truncation can work for ground state pseudoscalar
and vector mesons with symmetric flavors, e.g., the light-
light mesons [24–26, 29] and the heavy-heavy mesons [30–
34].
For heavy-light mesons, a sophisticated improvement
of the RL truncation must be developed. Recently, fol-
lowing this direction, some progress has been made [35–
44]. In this work, inspired by the axial-vectorWard Taka-
hashi identity (AV-WTI) [24, 25], we propose a flavor-
sensitive Bethe-Salpeter kernel beyond the simplest lad-
der approximation. This kernel degenerates to the ladder
approximation for flavor-symmetric systems, and thus
can be considered as a generalization of the latter. With-
out introducing any new parameter, the mass spectra and
leptonic decay constants of heavy-light mesons in pseu-
doscalar and vector channels can be well reproduced, self-
consistently and systematically.
The article is organized as follows: In Sec. II, we de-
scribe the DSE approach and the setups. In Sec. III,
we fit the parameters with the light-light and heavy-
heavy systems first, and then present results of heavy-
light mesons. The comparisons with the experimental
data and results of lattice QCD are also included. Sec-
tion IV provides a summary and perspective.
II. THEORETICAL FRAMEWORK
A. The Gap Equation
The quark gap equation reads [9]
S−1(p) = Z2(i/p+ Zmm) + Σ(p), (1)
with the self energy
Σ(p) = g2Z1
∫ Λ
q
Dµν(p− q)λ
a
2
γµS(q)
λa
2
Γν(q, p), (2)
2where Z1, Z2, and Zm are the vertex, quark wave-
function, and mass renormalization constants, respec-
tively; m is the renormalized current quark mass; λa
are the color matrices;
∫ Λ
q
represents a Poinca´re invari-
ant regularization of the four-dimensional integral, with
Λ the ultraviolet regularization mass scale; Γν and Dµν
are the dressed quark-gluon vertex and the dressed gluon
propagator, respectively.
The solution of the gap equation, i.e., the dressed
quark propagator, can be decomposed as
S(p) = −i/pσv(p2) + σs(p2), (3)
S−1(p) = i/pA(p
2) +B(p2), (4)
with the momentum subtraction renormalization condi-
tion
S−1(p)|p2=ζ2 = i/ζ +mζ , (5)
where ζ is the renormalization point and mζ the renor-
malized current-quark mass. The dressed quark mass
function reads then
M(p2) = B(p2, ζ2)/A(p2, ζ2), (6)
which is independent of the renormalization point ζ.
Note thatmζ is the mass function evaluated at the renor-
malization point mζ =M(ζ2).
To solve the gap equation, the dressed quark-gluon ver-
tex and the dressed gluon propagator must be specified.
The rainbow part of the RL approximation can be ex-
pressed as (k = p− q)
Z1g
2Dµν(k)Γν(q, p) = k
2G(k2)Dfreeµν (k)γν , (7)
where Dfreeµν (k) = (δµν − kµkνk2 ) 1k2 is the Landau-gauge
free gluon propagator. The interaction model G(k2) is
written as
k2G(k2) = k2GIR(k2) + 4πα˜pQCD(k2) , (8)
where α˜pQCD(k
2) is a bounded and monotonically de-
creasing regular continuation of the perturbative QCD
running coupling to all values of spacelike-k2; and
GIR(k2) is an ansatz for the interaction at infrared re-
gion and dominates in the region |k| < ΛQCD. The form
of GIR(k2) determines whether the DCSB and/or con-
finement can be realized.
With the Qin-Chang (QC) model [45], the interaction
is expressed as (s = k2)
G(s) = 8π
2
ω4
De−s/ω
2
+
8π2γmF(s)
ln[τ + (1 + s/Λ2QCD)
2]
, (9)
where F(s) = (1− e−s/4m2t )/s with mt = 0.5 GeV; γm =
12/(33 − Nf) is the dimension anomaly with the flavor
number Nf ; τ = e
2−1 is a constant. Following Ref. [46],
we take Nf = 5 and ΛQCD = 0.36GeV.
The pointwise behavior of Eq. (9) can also be param-
eterized as [47, 48]
G(k2) = 4πα(k
2)
k2 +m2g(k
2)
, m2g(k
2) =
M4g
k2 +M2g
, (10)
where mg(k
2) is the gluon mass and Mg is the mass
scale. The interaction achieves its maximum value at
the deep infrared k2 = 0. The running behavior and the
gluon mass scale are consistent with the modern DSE
and lattice-QCD results [50–54].
Many studies (e.g., Refs. [23, 29, 34, 46, 55–58]) have
shown that the above mentioned interaction model is
quite successful. The parameters D and ω control the
strength and the width of the interaction, respectively.
In fact, observable properties of light-quark ground-state
vector- and isospin-nonzero pseudoscalar mesons are in-
sensitive to variations of ω ∈ [0.4, 0.6]GeV, as long as
ς3 := Dω = constant . (11)
Since the interaction model absorbs the dressing effects
of the quark-gluon vertex and the gluon propagator, for
light quark systems, it has much larger strength com-
pared with that of the realistic gauge-sector interaction at
infrared momenta [45] and the one determined by solving
the coulped equations of the quark propagator and the
quark-gluon interaction vertex [49]. However, straight-
forward analysis shows that corrections to the RL trun-
cation almost vanish in the heavy-quark limit [27]; hence,
the aforementioned agreement entails that the RL trun-
cation should provide a reasonable approximation for the
systems involving only heavy quarks so long as one em-
ploys a smaller strength. This will be discussed in detail
in Sec. III.
B. The Bethe-Salpeter Equation
In terms of Green functions, properties of mesons are
encoded in the quark-antiquark scattering matrices. The
corresponding bound-state equation for mesons is the ho-
mogenous Bethe-Salpeter equation, which reads
Γ(k;P ) =
∫ Λ
q
Sf (q+)Γ(q;P )Sg(q−)K(k, q;P ) , (12)
where P 2 = −M2 with the meson mass M ; q+ = q+αP
and q− = q − (1 − α)P with the momentum fraction
α ∈ [0, 1]; f and g denote the quark and antiquark
flavors; Γ(k, P ) is the Bethe-Salpeter amplitude (BSA);
K(k, q;P ) is the quark-antiquark scattering kernel. The
dressed quark propagators are fed with the solution of
the gap equation.
According to the JP quantum numbers, the BSA of the
pseudoscalar (JP = 0−) and vector (JP = 1−) mesons
3can be expanded with a set of basis [59]:
Γ0−(k;P ) =
4∑
i=1
τ i0−(k;P )Fi(k2, zk;P 2), (13)
Γ1−(k;P ) =
8∑
i=1
τ i1−(k;P )Fi(k2, zk;P 2). (14)
The pseudoscalar basis is written as [34]
τ10− = iγ5, τ
2
0− = γ5 /P ,
τ30− = γ5/k(k · P ), τ40− = iγ5σP,k. (15)
The vector basis reads [34]
τ11− = iγ
T
µ , τ
2
1− = ik
T
µ /k,
τ31− = ik
T
µ /P (k · P ), τ41− = γ5ǫTµναβγνkαPβ ,
τ51− = k
T
µ , τ
6
1− = σ
T
µνkν(k · P ), (16)
τ71− = σ
T
µνPν τ
8
1− = k
T
µ σ
T
αβkαPβ ,
where lTµ = Pµν lν with Pµν = δµν−PµPνP 2 as the transverse
projector on the meson momentum P .
The P and C transformation for the BSA are defined
as follows,
Γ(k;P )
P−→ PˆΓ(k˜; P˜ )Pˆ−1, (17)
Γ(k;P )
C−→ Γ¯(k;P ) = CˆΓt(−k;P )Cˆ−1, (18)
with k˜ = (k4,−~k), Pˆ = γ4, and Cˆ = γ2γ4. The basis are
chosen to have specific P - and C-parity. The coefficient
functions Fi(k2, zk;P 2) can be expanded in terms of the
Chebyshev polynomials
FJP (k2, k · P ) =
∑
j=0
aj(k
2)Uj(k · P/
√
k2P 2). (19)
To normalize the BSA, we apply the Nakanish normal-
ization condition [60, 61](
∂ ln(λ)
∂P 2
)−1
= tr
∫ Λ
k
Γ¯(k;−P )S(k+)Γ(k;P )S(k−),
(20)
where Γ¯(k;−P ) is the charge conjugation of Γ(k;−P ) as
defined in Eq. (18). With the normalized BSAs, the lep-
tonic decay constants of pseudoscalar and vector mesons
are defined as
f0−Pµ =
Z2√
2
tr
∫
iγ5γµSf (k+)Γ0−(k, P )Sg(k−) , (21)
f1−M =
Z2
3
√
2
tr
∫
γµSf (k+)Γ
µ
1−
(k, P )Sg(k−) . (22)
C. The Scattering Kernel
Now the scattering kernel is the only unknown piece
of the whole puzzle. To construct it, we recall the axial-
vector Ward-Takahashi identity (AV-WTI) [24, 25] de-
rived from the QCD chiral transformation, which reads
PµΓ
fg
5µ(k;P ) + i(mf +mg)Γ
fg
5 (k;P )
= S−1f (k+)iγ5 + iγ5S
−1
g (k−) , (23)
where Γfg5µ(k;P ) and Γ
fg
5 (k;P ) are the axial-vector and
pseudoscalar vertex, respectively, with two quark flavors
denoted by f and g. Note that the identity is model-
independent and scheme-independent.
In the chiral limit, the current mass term vanishes.
Inserting the Lorentz structure of the pion BSA, i.e.,
Γpi(k;P ) =γ5[iEpi(k;P ) + /PFpi(k;P )
+ /k(k · P )Gpi(k;P ) + σµνkµPνHpi(k;P )],
(24)
into the AV-WTI in Eq. (23), we can obtain
fpiEpi(k; 0) = B(k
2) , (25)
where B(k2) is the scalar function defined in Eq. (4). It
is apparent that the two-body problem is related to the
one-body one and reveals that the pion can exist if and
only if the chiral symmetry is dynamically broken.
The kernel with the one-gluon exchange form, which
is called the “ladder” approximation [9, 21, 22], can be
expressed as (l = k − q)
Krstu (q, k;P ) = −G(l2)l2Dfreeµν (l)
(
γµ
λa
2
)
tr
(
γν
λa
2
)
su
,
(26)
where t, u, r, s denote the Dirac and color indices. With
the RL approximation, i.e., Eqs. (7) and (26), the solved
quark propagator and vertices satisfy the identity in
Eq. (23). In other words, the RL approximation is a
symmetry-preserving truncation scheme.
In order to construct a kernel beyond the ladder ap-
proximation, we first insert the gap equation and the
inhomogeneous BSE into the AV-WTI, and then obtain∫
q
K(q, k;P )[Sf (q+)γ5 + γ5Sg(q−)]
= −
∫
q
γµ[D
f
µν(l)Sf (q+)γ5 +D
g
µν(l)γ5Sg(q−)]γν , (27)
where the rainbow approximation has been used and all
indices are suppressed for simplicity. Since the quark
propagators with different flavors may have different ef-
fective interaction strengths, we use Dfµν and D
g
µν for
clarity.
Inspired by Eq. (27), we propose the BSE kernel as
(the color matrices are suppressed)
K = −1
2
γµ ⊗ Σ ·DΣµν · γν −
1
2
γν ·DΣµν · Σ⊗ γµ, (28)
with
DΣµν = [D
f
µν(l)Sf (q+) +D
g
µν(l)Sg(q−)]γ5,
Σ = γ5[Sf (q+) + Sg(q−)]
−1. (29)
4+
1
2
1
2
FIG. 1. The Feynmann diagram for the kernel in Eq. (28).
The black blobs denotes the elements in Eq. (29).
The kernel can be illustrated by the Feynmann diagram
as shown in Fig. 1. If the two quarks have the same
flavor, i.e., Df = Dg, then the kernel degenerates into
Eq. (26) and thus can be considered as a parameter-free
generalization of the ladder approximation.
Straightforward analysis suggests that the kernel actu-
ally expresses an average of the effective interactions of
the two flavors. For example, in the ultraviolet limit, i.e.,
q →∞, we obtain
K → −γ ⊗ γ
(
Df +Dg
2
)
, (30)
which is obviously a simple average of Df and Dg. As
another example, in the infrared limit, i.e., q → 0, we
have the kernel for P ∼ 0 as
K → −γ ⊗ γ
(
Dfσfs (0) +D
gσgs (0)
σfs (0) + σ
g
s (0)
)
, (31)
which is also an average of Df and Dg but weighted by
the corresponding quark dressing functions.
III. RESULTS AND DISCUSSIONS
A. Light Quark Mesons
Following Ref. [46], for the mesons consisted of light
quarks u, d, s, we take the interaction parameters as
ωq = 0.5 GeV, ςq = 0.8 GeV. (32)
In the isospin symmetric limit: mu = md, fitting with
the underlined data in Table I, we take
mζ19u/d = 3.3 MeV, m
ζ19
s = 74.6 MeV, (33)
with which the masses and leptonic decay constants of
light mesons are computed and listed in Tables I and II.
The renormalization-group-invariant masses are mˆu/d =
6.3 MeV, mˆs = 146 MeV. The one-loop-evolved masses
at 2 GeV are m2GeVu/d = 4.8 MeV, m
2GeV
s = 110 MeV.
The Euclidean constant quark masses are obtained
MEu/d = 0.41 GeV, M
E
s = 0.57 GeV , (34)
defined as MEq = {k|Mq(k2) = k}, where Mq(k2) is the
quark mass function.
TABLE I. Masses of pseudoscalar mesons calculated herein
compared with those from the lQCD and experimental data.
The ESR results are also presented for comparison. The lQCD
results are taken from: MBc - Ref. [62]; MD and MD±s -
Ref. [63]; MB and MB±s - Ref. [64]. The experimental data
are from Ref. [1]. The underlined data are the experimental
value used to fit the interaction parameters.
Meson Herein ESR Herein lQCD Exp.
pi 0.138 0.138 / 0.138(1)
K 0.495 0.416 / 0.495(1)
ηc 2.984 2.984 / 2.984(1)
ηb 9.399 9.399 / 9.399(1)
Bc 6.388 6.192 6.276(7) 6.275(1)
D 1.771 1.561 1.868(3) 1.868(1)
D±s 1.981 1.839 1.968(4) 1.968(1)
B 5.324 4.769 5.283(8) 5.279(1)
B±s 5.478 5.047 5.366(8) 5.367(1)
B. Heavy Quark Mesons
For the heavy quark mesons, we follow the guide afore-
mentioned and take the interaction parameters as
ωQ = 0.8 GeV, ςQ = 0.6 GeV , (35)
which shape a much weaker effective interaction com-
pared with that for the light quark mesons.
With the heavy quark current masses (fitted with the
underlined data in Table I)
mζ19c = 0.82 GeV, m
ζ19
b = 3.59 GeV, (36)
we obtain the masses and leptonic decay constants of
of heavy quark mesons which are listed in Tables I and
II. The renormalization-group-invariant masses are mˆc =
1.61 GeV, mˆb = 7.16 GeV. The one-loop-evolved masses
at 2 GeV are m2GeVc = 1.22 GeV, m
2GeV
b = 5.41 GeV.
The Euclidean constant quark masses are
MEc = 1.32 GeV, M
E
b = 4.22 GeV. (37)
C. Heavy-light Mesons
With the parameters fixed in previous subsections,
we can directly compute the properties of heavy-light
mesons since the kernel beyond the ladder approxima-
tion, i.e., Eq. (28), does not introduce any new parame-
ters. In this work, we mainly focus on the mass spectrum
and the leptonic decay constants.
1. Mass Spectra
We first compute the masses of the pseudoscalar and
vector mesons. The comparisons with experimental data
and lattice-QCD results are plotted in Fig. 2 and Fig. 3.
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dashed line is used to separate the light-light and heavy-heavy
mesons (in the left region) with the heavy-light mesons (in the
right region). The detailed numbers are list in Table I.
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ments. The vertical blue dashed line is used to separate the
light-light and heavy-heavy mesons (in the left region) with
the heavy-light mesons (in the right region). The detailed
numbers are list in Table II.
The concrete data are summarized in Table I and Ta-
ble II. Among them, π, K, ηc, ηb are taken as the cali-
bration to determine the parameters. Except the heavy-
light mesons, i.e., D, D±s , B and B
±
s , the kernels used for
others are actually the ladder approximation because the
interactions of the two flavors are the same in Eq. (28).
Following Ref. [46], we also include the results using
the equal spacing rule (ESR). The key of the ESR is to
define a constituent-quark passive-mass via
MfX =
1
2
mXff¯ , (38)
where mXff¯ denotes the mass of the f -flavor-symmetric
TABLE II. Masses of vector mesons calculated herein com-
pared with those from the ESR herein, the lQCD and the ex-
periment. The lQCD results are taken from: Mρ - Ref. [65];
MK∗ - Ref. [66]; Mφ - Ref. [67]; MJ/Ψ - Ref. [68]; MBc -
Ref. [62]; MD∗ , MD±∗s , MB
∗ and M
B
±∗
s
- Ref. [69]. The ex-
perimental data are from Ref. [1].
Meson Herein ESR Herein lQCD Exp.
ρ 0.749 0.749 0.780(16) 0.775(1)
K∗ 0.953 0.919 0.993(1) 0.896(1)
φ 1.089 1.089 1.032(16) 1.019(1)
J/Ψ 3.122 3.122 3.098(3) 3.097(1)
Υ 9.497 9.497 / 9.460(1)
B∗c 6.542 6.310 6.331(7) /
D∗ 1.988 1.936 2.013(14) 2.009(1)
D±∗s 2.206 2.106 2.116(11) 2.112(1)
B∗ 5.501 5.123 5.321(8) 5.325(1)
B±∗s 5.635 5.293 5.412(6) 5.415(2)
meson in the channel X . The computed values (in GeV)
are:
PS :
f u = d s c b
MfX 0.07 0.35 1.49 4.70
, (39)
and
VC :
f u = d s c b
MfX 0.37 0.54 1.56 4.75
, (40)
where PS, VC stands for the pseudo-scalar, vector
mesons, respectively. Then, the masses of flavor-
unsymmetric mesons can be obtained by a straightfor-
ward interpolation as
mXfg¯ =M
f
X +M
g
X . (41)
It is found that the masses of all pseudoscalar and vec-
tor mesons can be well reproduced with the BSE beyond
the ladder approximation. The relative errors between
the results herein and the experimental data are at the
level of 5%. For the B∗c meson, as the lack of the ex-
perimental result, we compare the result herein with the
lattice-QCD and obtain the relative error only 4%. On
the other hand, the masses obtained with the ESR are
comparable with the experimental data and the lattice-
QCD, and the corresponding errors are just slightly larger
than those with the BSE. Thus, the ESR can be an ap-
proximation for meson mass spectra.
As mentioned above, the kernel, i.e., Eq. (28), actually
expresses the averaging interaction of the light and heavy
quarks. To demonstrate how the average works, we can
define the effective arithmetic average as
K = −γ ⊗ γ [ηDq + (1− η)DQ] , (42)
where η ∈ [0, 1] is the weight parameter. For η = 1,
the kernel is the same as the one for flavor-symmetric
light quarks. In this case, the interaction strength of the
kernel is quite large and the binding between the light and
heavy quarks are too strong, accordingly. The resulting
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FIG. 4. Masses of D meson with the weight parameter of the
arithmetic average of the kernel, where η∗ denotes the value
corresponding to the experimental mass.
meson mass is smaller than the experimental data. On
the other hand, for η = 0, the kernel is the same as
the one for flavor-symmetric heavy quarks. In this case,
the interaction strength of the kernel is rather small and
the binding between the light and heavy quarks are too
weak, accordingly. The resulting meson mass is heavier
than the experimental data.
Now we can take D meson as an example to analyze
the mass with the running of the weight parameter. The
result is shown in Fig. 4. It is found that the weight
parameter η∗ corresponding to the experimental mass
indeed lies between the two limits, i.e., 0 < η∗ < 1.
Thus, the kernel beyond the ladder approximation, i.e.,
Eq. (28), which produces the experimental mass, has the
interaction strength equivalent to that weighted by η∗.
However, Eq. (28) is inspired by the AV-WTI and has
no additional parameters. In other words, it expresses
an implicit and automatic average. Moreover, the well-
produced full mass spectra suggest that this kind of av-
erage is generally appropriate.
2. Leptonic Decay Constants
We then compute the leptonic decay constants of the
pseudoscalar and the vector mesons. The obtained re-
sults are presented in Table III, Table IV, respectively.
The comparisons with experimental data and lattice-
QCD results are plotted in Fig. 5 and Fig. 6. Following
Ref. [46], we also include the leptonic decay constants
using the ESR, which is defined as
fqQ ≈ f interpqQ :=
1
2
(fqq + fQQ) . (43)
The first observation is that the leptonic decay con-
stants are not as stable as the masses and the discrep-
ancies from different sources become sizable for some
mesons. For the pseudoscalar mesons of light, strange,
TABLE III. Decay constants of pseudoscalar mesons calcu-
lated herein compared with those from the ESR herein, the
lQCD and the experiments. The lQCD results are taken from:
fpi and fK - Ref. [70]; fηc , fηb and fBc - Ref. [71]; D, D
±
s , B,
B±s - Ref. [72]. The experimental data are from Ref. [1, 73].
Meson Herein ESR Herein lQCD Exp.
pi 0.095 0.095 0.093(1) 0.092(1)
K 0.113 0.115 0.111(1) 0.110(1)
ηc 0.277 0.277 0.278(2) 0.237(52)
ηb 0.559 0.559 0.472(5) /
Bc 0.429 0.418 0.307(10) /
D 0.169 0.186 0.150(1) 0.144(4)
D±s 0.212 0.206 0.177(1) 0.182(3)
B 0.212 0.327 0.134(1) 0.133(18)
B±s 0.248 0.347 0.163(1) /
and charm flavors (i.e., π, K, ηc, D, and D
±
s ), the theo-
retical methods produce similar values which are compa-
rable with the experimental data. However the bottom-
flavored pseudoscalar mesons (i.e., ηb, Bc, B, and B
±
s )
lack of experimental data and have very different theoret-
ical results. The values produced with the BSE and the
ESR are larger than lattice-QCD ones. Especially, for B
and B±s , we have fESR > fBSE > flQCD. The reason why
the ESR and the BSE produce large decay constants is
that the interaction strength for the bottom sector is too
strong since it is the same as that for the charm sector.
This can be understood from the truth that fηb obtained
by the ESR and the BSE is significantly larger than that
by lattice-QCD. If tuning fηb down by decreasing the in-
teraction strength for the bottom sector, the values of the
BSE move close to the lattice-QCD results. However, the
ESR still gives very large fB and fB±s . This means that
the ESR always fails for extremely flavor-unsymmetric
mesons.
For vector mesons, the situation is analogous and
the differences between the BSE/ESR and lattice-QCD
results are generally similar to those for pseudoscalar
mesons. However, for the flavor-unsymmetric vector
mesons, i.e., D∗ and B∗, the differences are significant.
Note that fΥ obtained by the BSE/ESR is larger than
that by lattice-QCD just as fηb . This is also a signa-
ture for that the interaction strength of the BSE/ESR
is stronger than that of lattice QCD. If decreasing the
interaction strength for the bottom sector as aforemen-
tioned, fΥ decreases, and so does fB∗ . However, the dif-
ferences between the BSE/ESR and lattice-QCD results
cannot be removed completely and remain noticeable.
The reason is that the kernel in Eq. (28) only considers
the AV-WTI which does not constrain the vector channel
directly. Therefore, incorporating the axial-vector and
vector WTIs to develop a universal BSE kernel for all
channels could be the solution.
7TABLE IV. Decay constants of vector mesons calculated
herein compared with those from the ESR herein, the lQCD
and the experiments. The lQCD results are taken from: fφ -
Ref. [67]; fJ/Ψ - Ref. [68]; fΥ - Ref. [74]; fB∗c - Ref. [75]; fD∗ ,
f
D
±∗
s
, fB∗ , fB±∗s - Ref. [69]. The experimental data are from
Ref. [1, 26].
Meson Herein ESR Herein lQCD Exp.
ρ 0.149 0.149 / 0.153(1)
K∗ 0.179 0.170 / 0.159(1)
φ 0.190 0.190 0.170(13) 0.168(1)
J/Ψ 0.296 0.296 0.286(4) 0.294(5)
Υ 0.526 0.526 0.459(22) 0.505(4)
B∗c 0.483 0.411 0.298(9) /
D∗ 0.199 0.222 0.158(6) /
D±∗s 0.256 0.243 0.190(5) /
B∗ 0.246 0.338 0.131(5) /
B±∗s 0.283 0.358 0.158(4) /
 Exp.
D
ec
ay
 C
on
st
an
t (
G
eV
)
B±sp K hc hb Bc D D±s B
FIG. 5. Decay constants of pseudoscalar mesons calculated
herein compared with those from the ESR herein, the lQCD
and the experiments. The vertical blue dashed line is used to
separate the light-light and heavy-heavy mesons (in the left
region) with the heavy-light mesons (in the right region). The
detailed numbers are list in Table III.
IV. SUMMARY
In summary, the heavy-light mesons in pseudoscalar
and vector channels are investigated within the Dyson-
Schwinger equation framework. The rainbow-ladder
truncation is modified under the consideration of the
symmetries of QCD. It combines the effects of the light
and heavy sectors. Moreover, the modified kernel in-
volves no new parameter and can degenerate into the
RL truncation for flavor-symmetric heavy-heavy or light-
light mesons.
With the kernel beyond the ladder approximation, the
calculated masses of the heavy-light mesons in pseu-
doscalar and vector channels agree with the experimental
data at the level of 5%. The masses obtained with the
ESR are comparable with the experimental data and the
lattice-QCD results while the corresponding errors are
 Exp.
D
ec
ay
 C
on
st
an
t (
G
eV
)
B±*sr K* f J/Y ¡ B*c D* D±*s B*
B±*sr K* f J/Y ¡ B*c D* D±*s B*
FIG. 6. Decay constants of vector mesons calculated herein
compared with those from the ESR herein, the lQCD and
the experiments. The vertical blue dashed line is used to
separate the light-light and heavy-heavy mesons (in the left
region) with the heavy-light mesons (in the right region). The
detailed numbers are listed in Table IV.
slightly larger than those with the BSE. From our anal-
ysis, the modified kernel expresses an implicit and auto-
matic average with no additional averaging parameter.
These facts shows that the modified kernel is appropri-
ate to describe the mass spectrum of the ground states
mesons.
For the leptonic decay constants, our calculated re-
sults are not as stable as those for the masses. For the
pseudoscalar mesons of light, strange and charm flavors,
our theoretical methods produce similar values that are
comparable with the experimental data. While for the
bottom-flavored mesons, both the ESR and the BSE pro-
duce larger values than the lattice-QCD. The reason is
that the interaction strength for the bottom sector is
too strong since it is the same as that for the charm
sector. For vector mesons, the differences between the
BSE/ESR and lattice-QCD results are generally anal-
ogous but larger than those for pseudoscalar mesons.
Besides the interaction strength, the missing constraint
from the vector Ward-Takahashi identity is a factor to
explain the larger differences.
From the discussion above, we can infer that the
kernel beyond the ladder approximation is a promising
tool to depict the quark-antiquark interactions. The
mass spectra and the leptonic decay constants of the
light-light, heavy-heavy and heavy-light mesons in the
pseudoscalar and vector channels can be well described,
systematically. The modified kernel can be further
improved by incorporating the axial-vector and vector
Ward-Takahashi identities together and used to study
8meson and baryon properties. The related work is under
progress.
ACKNOWLEDGMENTS
The authors are grateful for the fruitful discussion
with C.D. Roberts. The work was supported by the Na-
tional Natural Science Foundation of China under Con-
tracts No. 11435001, No. 11775041, No.11847301, No.
11805024, and the National Key Basic Research Pro-
gram of China under Contract No. 2015CB856900. This
work was also supported in part by the Fundamental Re-
search Funds for the Central Universities under Grant
No. 2019CDJDWL0005.
[1] M. Tanabashi, et al., (Particle Data Group) Phys. Rev.
D 98, 030001 (2018).
[2] E. Eichten, and F. Feinberg, Phys. Rev. D 10, 3254
(1974).
[3] M. R. Pennington, J. Phys. Conf. Ser. 18, 1 (2005).
[4] A. Bashir, R. Bermudez, L. Chang, and C. D. Roberts,
Phys. Rev. C 85, 045205 (2012).
[5] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[6] P. H. Ginsparg, and K. G. Wilson, Phys. Rev. D 25, 2649
(1982).
[7] G. G. Batrouni, G. R. Katz, A. S. Kronfeld, G. P. Lepage,
B. Svetitsky, and K. G. Wilson, Phys. Rev. D 32, 2736
(1985).
[8] S. M. Ryan, Lect. Notes Phys. 889, 35 (2015).
[9] C. D. Roberts, and A. G. Williams, Prog. Part. Nucl.
Phys. 33, 477 (1994).
[10] C. D. Roberts, and S. M. Schmidt, Prog. Part. Nucl.
Phys. 45, S1 (2000).
[11] R. Alkofer, and L. von Smekal, Phys. Rept. 353, 281
(2001).
[12] P. Maris, and C. D. Roberts, Int. J. Mod. Phys. E 12,
297 (2003).
[13] C. D. Roberts, Prog. Part. Nucl. Phys. 61, 50 (2008).
[14] A. Bashir, L. Chang, I. C. Cloet, B. El-Bennich, Y. X.
Liu, C. D. Roberts, and P. C. Tandy, Commun. Theor.
Phys. 58, 79 (2012).
[15] I. C. Cloet, and C. D. Roberts, Prog. Part. Nucl. Phys.
77,1 (2014).
[16] J. Polonyi, Central Eur. J. Phys. 1, 1 (2003).
[17] J. M. Pawlowski, Ann. Phys. 322, 2831 (2007).
[18] H. Gies, Lect. Notes Phys. 852, 287 (2012).
[19] E. E. Salpeter, and H. A. Bethe, Phys. Rev. 84, 1232
(1951).
[20] N. Nakanishi, Prog. Theor. Phys. Suppl. 43, 1 (1969).
[21] H. J. Munczek, Phys. Rev. D 52, 4736 (1995).
[22] A. Bender, C. D. Roberts, and L. von Smekal, Phys. Lett.
B 380, 7 (1996).
[23] S. X. Qin, Few-Body Syst. 57, 1059 (2016).
[24] P. Maris, C. D. Roberts, and P. C. Tandy, Phys. Lett. B
420, 267 (1998).
[25] P. Maris, and C. D. Roberts, Phys. Rev. C 56, 3369
(1997).
[26] P. Maris, and P. C. Tandy, Phys. Rev. C 60, 055214
(1999).
[27] M. S. Bhagwat, A. Holl, A. Krassnigg, C. D. Roberts,
and P. C. Tandy, Phys. Rev. C 70, 035205 (2004).
[28] G. Eichmann, R. Alkofer, I. C. Cloet, A. Krassnigg, and
C. D. Roberts, Phys. Rev. C 77, 042202 (2008).
[29] S. X. Qin, L. Chang, Y. X. Liu, C. D. Roberts and D. J.
Wilson, Phys. Rev. C 85, 035202 (2012).
[30] R. Casalbuoni, A. Beandrea, N. DiBartolomeo, R. Catto,
F. Feruglio, and G. Nardulli, Phys. Rept. 281, 146
(1997).
[31] G. S. Bali, Phys. Rept. 343, 1 (2001).
[32] C. S. Fischer, S. Kubrak, and R. Williams, Eur. Phys. J.
A 51, 10 (2015).
[33] M. H. Ding, F. Gao, L. Chang, Y. X. Liu, and C. D.
Roberts, Eur. Phys. J. Web Conf. 113, 05020 (2016).
[34] J. Chen, M. H. Ding, L. Chang and Y. X. Liu, Phys. Rev.
D 95, 016010 (2017).
[35] M. A. Ivanov, Y. L. Kalinovsky, and C. D. Roberts, Phys.
Rev. D 60, 034018 (1999).
[36] E. Rojas, B. El-Bennich, and J. P. B. C. de Melo, Phys.
Rev. D 90, 074025 (2014).
[37] M. Go´mez-Rocha, T. Hilger, and A. Krassnigg, Few-
Body Syst. 56, 475 (2015).
[38] M. Go´mez-Rocha, T. Hilger, and A. Krassnigg, Phys.
Rev. D 92, 054030 (2015).
[39] M. Go´mez-Rocha, T. Hilger, and A. Krassnigg, Phys.
Rev. D 93, 074010 (2016).
[40] T. Hilger, M. Go´mez-Rocha, A. Krassnigg, and W.
Lucha, Eur. Phys. J. A 53, 213 (2017).
[41] M. A. Bedolla, E. Santopinto, and L. X. Gutirrez-
Guerrero, Eur. Phys. J. Web Conf. 192, 00039 (2018).
[42] M. Y. Chen, and L. Chang, Chin. Phys. C 43, 114103
(2019).
[43] D. Binosi, L. Chang, M.H. Ding, F. Gao, J. Papavassil-
iou, and C. D. Roberts, Phys. Lett. B 790, 257 (2019).
[44] P. L. Yin, C. Chen, G. Krein, C. D. Roberts, J. Segovia,
and S. S. Xu, Phys. Rev. D 100, 034008 (2019).
[45] S. X. Qin, L. Chang, Y. X. Liu, C. D. Roberts, and D.
J. Wilson, Phys. Rev. C 84, 042202 (2011).
[46] S. X. Qin, C. D. Roberts, and S. M. Schmidt, Phys. Rev.
D 97, 114017 (2018).
[47] A. C. Aguilar, D. Binosi, J. Papavassiliou, and J.
Rodriguez-Quintero, Phys. Rev. D 80, 085018 (2009).
[48] A. C. Aguilar, D. Binosi and J. Papavassiliou, Phys. Rev.
D 86, 014032 (2012).
[49] C. Tang, F. Gao, and Y. X. Liu, Phys. Rev. D 100,
056001 (2019).
[50] O. Oliveira, and P. Bicudo, J. Phys. G 38, 045003 (2011).
[51] D. Binosi, L. Chang, J. Papavassiliou, and C. D. Roberts,
Phys. Lett. B 742, 183 (2015).
[52] D. Binosi, C. Mezrag, J. Papavassiliou, C. D. Roberts,
and J. Rodriguez-Quintero, Phys. Rev. D 96, 054026
(2017).
[53] J. Rodriguez-Quintero, D. Binosi, C. Mezrag, J. Papavas-
siliou, and C. D. Roberts, Few-Body Syst. 59, 121 (2018).
9[54] P. O. Bowman, U. M. Heller, D. B. Leinweber, M. B.
Parappilly, and A. G. Williams, Phys. Rev. D 70, 034509
(2004).
[55] X. Y. Xin, S. X. Qin, and Y. X. Liu, Phys. Rev. D 90,
076006 (2014).
[56] F. Gao, S. X.. Qin, Y. X. Liu, C. D. Roberts, and S. M.
Schmidt, Phys. Rev. D 89, 076009 (2014).
[57] M. Y. Chen, M. H. Ding, L. Chang, and C. D. Roberts,
Phys. Rev. D 98, 091505 (2018).
[58] S. X. Qin, C. D. Roberts, and S. M. Schmidt, Few-Body
Syst. 60, 26 (2019).
[59] A. Krassnigg, Phys. Rev. D 80, 114010 (2009).
[60] N. Nakanishi, Phys. Rev. B 138, 1182 (1965).
[61] N. Nakanishi, Phys. Rev. B 139, 1401 (1965).
[62] N. Mathur, M. Padmanath, and S. Mondal, Phys. Rev.
Lett. 121, 202002 (2018).
[63] K. Cichy, M. Kalinowski, and M. Wagner, Phys. Rev. D
94, 094503 (2016).
[64] R. J. Dowdall, C. T. H. Davies, T. C. Hammant, and R.
R. Horgan, Phys. Rev. D 86, 094510 (2012).
[65] Z. Fu, and L. Wang, Phys. Rev. D 94, 034505 (2016).
[66] J. J. Dudek, R. G. Edwards, C. E. Thomas, and D. J.
Wilson, Phys. Rev. Lett. 113, 182001 (2014).
[67] G. C. Donald, C. T. H. Davies, J. Koponen, and G. P.
Lepage, Phys. Rev. D 90, 074506 (2014).
[68] G. C. Donald, C. T. H. Davies, R. J. Dowdall, E. Fol-
lana, K. Hornbostel, J. Koponen, G. P. Lepage, and C.
McNeile, Phys. Rev. D 86, 094501 (2012).
[69] V. Lubicz, A. Melis, and S. Simula, Phys. Rev. D 96,
034524 (2017).
[70] E. Follana, C. T. H. Davies, G. P. Lepage, and J.
Shigemitsu, Phys. Rev. Lett. 100, 062002 (2008).
[71] C. McNeile, C. T. H. Davies, E. Follana, K. Hornbostel,
and G. P. Lepage, Phys. Rev. D 86, 074503 (2012).
[72] A. Bazavov, et al., (for MILC Collaboration) Phys. Rev.
D 98, 074512 (2018).
[73] K. W. Edwards, et al., (CLEO Collaboration) Phys. Rev.
Lett. 86, 30 (2001).
[74] B. Colquhoun, R. J. Dowdall, C. T. H. Davies, K. Horn-
bostel, and G. P. Lepage, Phys. Rev. D 91, 074514
(2015).
[75] B. Colquhoun, C. T. H. Davies, J. Kettle, J. Koponen,
A. T. Lytle, R.J. Dowdall, and G. P. Lepage, Phys. Rev.
D 91, 114509 (2015).
